Abstract-A steady state analysis is developed for a wound rotor induction machine. In this paper the authors derive simple expressions for the mutual and coupling impedance in order to build impedance matrix. The analysis can be used in two ways when dealing with a symmetrical and asymmetrical rotor. The analysis is verified using a wound-rotor motor; the analysis can then be used to investigate asymmetry faults in a wound rotor machine.
INTRODUCTION
The wound rotor induction machine has enjoyed a renascence as the generator in many commercial wind turbines. It is used in a slip energy recovery manner so that it can generate both below and above the synchronous speed. In [1] and [2] many useful wound and cage rotor induction machine comparisons and explanations were put forward. However, there has been less work focused on wound rotor induction machine faults. This work develops a steady-state analysis of a wound rotor machine and this includes rotor asymmetry. Many papers have developed methods for the analysis of asymmetrical wound rotor machines using positive and negative sequence equivalent circuits for a machine with unbalanced impedances in the rotor circuit [3] [4] . The analysis can be further extended to include additional rotor resistance and rotor voltages as would be found in a wound rotor softer starter (which is an old system) or a slip energy recovery scheme as found in the doubly-fed induction generator (DFIG) which is used in many wind turbine generators.
In order to evaluate rotor symmetry or asymmetry, it is first necessary to calculate the currents in the various rotor and stator windings. This is done using the coupling impedance method in this paper. Machine analysis breaks down the airgap flux density into a harmonic series of travelling waves with different pole numbers rotating in either direction [5] . These are derived from the currents and the spatial positioning of the stator and rotor conductors, which can finally be expressed in the form of a harmonic Fourier series of surface current density distributions. This leads to an expression for the conductor density distribution in terms of a harmonic series and can be obtained using complex Fourier analysis to account for the amplitude and positioning of conductors on the rotor and stator surfaces.
The harmonic conductor density method for analyzing machine windings has been used successfully in [5] and [6] . These include the analysis of the cage induction machine with a number and distribution of cage and eccentricity faults. In [7] and [8] , Williamson et al. used impedance matrices to detect the faults in cage rotor machines; however, the wound rotor machine works at a much higher slip than cage rotor machine, especially when used in a slip energy recovery scheme. The faults in these machines can vary greatly from their cage-rotor equivalent [9] and they are substantially higher. Here, the method was developed to include rotor coils groupings for wound rotor induction machine in the same way. The secondary part of wound rotor machines has a set of threephase windings that are similar to those on the windings on the stator although the rotor slot number will vary and so will the rotor coil turn number. Thus, we can use the same method to find the rotor current and it will be more straightforward because the rotor loop currents do not share any common paths down bars. This method has several advantages, the main one being that any asymmetrical winding can be considered. In addition to this, the electric field in the airgap can be derived and the EMF induced into any winding calculated, leading to expressions for the coupling impedances between the various machine windings. These can be expressed in the form of an impedance matrix. The machine currents can be obtained from knowledge of the applied voltages when the matrix is solved.
In general, the impedance matrix technique is utilized in the analysis and modeling of induction motors and generators with faults. The study of induction machines in steady state, transient and fault cases necessitate good calculation of the equivalent circuit parameters. These parameters will be more or less changed to reflect the severity of the fault [10] . The finite element method (FEM) is extensively used in induction machine parameter identification methods in normal and fault operating conditions, for example, in stator inter-turn winding faults [11] , and for broken rotor bars [12] . The matrix technique can be used to study brushless doubly-fed induction machine and reluctance machine [13] [14] . Split-phase and single-phase induction machines can also be catered for with this analysis [15] . It can be developed to incorporate eccentricity faults and also the condition monitoring of wound rotor machines, such as illustrated in [16] and [17] . The impedance matrix includes the impedances for the stator and rotor which are functions of the three-phase windings on the stator and rotor where 
This assumes the rotor to be short circuited.
For a symmetrical rotor, i.e., before a fault occurs, there will be an MMF wave on the rotor rotating at slip frequency sfm in the rotor coordinates. If there is asymmetry, then there will be a backwards rotating MMF wave. It subsequently induces (1 -2s)fm frequency EMFs in the stator. For that reason, it is necessary to add other components in the impedance matrix in order to accommodate the (1 -2s)fm current components. The voltage is assumed to be zero for this component. At some stage in the 3-phase supply there will be star point that will short the path and additional source impedance for the fm current can be added to the stator leakage impedance. This is forwards-rotating with respect to the rotor, defined by the subscript f. The backwards-rotating field (with respect to the rotor), when the rotor has asymmetry) is defined by the subscript b. Since stator winding symmetry is maintained, the stator can be analyzed on a per-phase representation.
The voltage vector is split into stator and rotor components. Assume short-circuited rotor windings (no external resistance connected across the slip rings). Superscript (n) relates to stator harmonic; and s, r1, r2, and r3 represent the stator and rotor windings of the machine. 
II. CURRENT DISTRIBUTION IN A SQUIRREL CAGE AND WOUND ROTOR INDUCTION MACHINE
When the rotor cage is symmetrical, the bar currents have equal magnitude and the phase sequence is fixed around the rotor periphery. In this case cage currents can be represented by the current in a single bar. It is clear that the rotor loop currents share common paths down bars. In Fig. 1(a) , the unknown current number required to specify the rotor currents can be calculated. If a cage has Nb bars, there will be 2Nb nodes and 3Nb branches. The currents [18] circulate in circuits that comprise of 2 adjacent rotor bars and the connecting end-ring sections. There is also an additional current Ie in one of the endrings if there is an end ring fault.
However, the wound rotor has a complete set of three-phase windings that are similar to the windings on the stator, and the ends of the three rotor wires are connected to slip rings on the rotor shaft. They are usually permanently star connected on the rotor, otherwise 6 slip rings would be required not just 3. Thus we can get a similar expression for the 3-phase winding in the rotor. It will be more straightforward because the rotor loops currents (I1, I2 and I3) do not share any common paths down bars, as illustrated in Fig. 1(b) . 
III. ANALYSIS OF IMPEDANCE MATRIX
The analysis will display the behavior of the wound rotor induction machine with balanced and unbalanced rotor windings. The following assumptions are made in this approach to determine coupling and mutual impedances for rotor and stator, assuming to simplify the analysis:
• The effect of slotting is ignored which measn the flux then crosses the air-gap in the radial direction.
• The effect of saturation is ignored.
A. Fourier Analysis of the Machine-Winding
When a balanced 3-phase voltage set supplies the stator winding, it produces a series of MMF harmonic distributions. The MMF distributions are found by representing the stator winding as a complex Fourier series which represents the conductor density distribution. The method was developed in [5] where the expression for the stator winding coefficient is defined by the spatial distribution of all the coils. The stator winding coefficient for one phase can be defined by where Ns is the slot number in which the winding is located; Cw is the series winding turns in a slot, and y is the spatial location of the slot. k = 1/(mean gap radius). The slot opening factor is defined by the slot opening bs so that
For a balanced 3-phase supply, and series-connected stator winding set, the MMF is 
where, for a balanced 3-phase current set, and using the identity 
and the fundamental machine pole-pair number is pm. This includes winding harmonics n .
The rotor conductor distribution is obtained in a similar way to the stator winding. If (+C,-C) is a coil in the first phase winding in the rotor (r), Fig. 2 , where x is the variation along the rotor axis, and y / is the variation in the tangential direction. If this is represented as having finite conductor width br (the rotor slot opening), the conductor density over the slot opening is the coil-turns number divided by the opening of the slot. Its distribution can be represented as a complex Fourier series using the definitions in Fig. 2 . The winding coefficient is defined by the spatial distribution of all the coils 
For a balanced three-phase rotor windings (r1, r2 and r3), the ν th harmonic conductor density distributions are 
B. Coupling and Mutual Impedances
This section derives the impedances, then an extension of the impedance matrix to include external impedances and rotor voltages is put forward.
1) Stator-to-stator linking impedance:
The airgap field can be expressed using (5); therefore the stator winding back-EMF is also derived. This is linked to the supply current using the stator-to-stator linking impedance. The stator impedance can be written with reference to the forward rotating fluxes and backward rotating fluxes where 
Eq. (15) provides the stator-to-rotor linking impedance, and it leads to a rotor skew factor ksk which is obtained from (16) so that ( ) 
The induced rotor winding EMFs, which are due to air-gap flux waves of the stator that backwards rotate with respect to the rotor have equal magnitude, but the progression in the phases is reversed. Hence, we can get , b r s Z for the rotor.
3) Rotor-stator coupling impedance: The rotor phase windings will have currents at slip frequency, which is appropriate to the stator field which induces it. The current in the rotor will be obtained from (9) 
4) Rotor-to-rotor linking impedances:
The rotor current produces a harmonic series distribution, which induce backEMFs into the rotor. These induced voltages are added together to form an impedance in the same way as for the stator: 
The self-inductances of the rotor can be defined, and hence the reactance. These are modified so that the leakages and resistances of the rotor are also included:
( ) where r r ex r r r r r ex r
IV. EXPERIMENTAL WORK AND RESULTS
A 3-phase, 4-pole wound rotor induction machine is utilized to evaluate the mathematical analysis. Data for this machine was given in Table 1 and some data was obtained from simulating the machine in CD-Adapco SPEED software.
It is not easy to obtain the impedance matrix using hand calculations, so it is reasonable for using MATLAB for calculations. The running light test and locked rotor test were performed to obtain motor parameters. Based on these, an impedance parameter matrix is constructed. The windings coefficient turn ratio was 3.78, and this value is very close to measured one of 3.56. The magnetizing reactance and core losses were around the expected values. The measurement of the torque and rotor current were obtained with a short-circuited rotor. Figs. 3 to 5 illustrate the experimental values for the current and torque when compared to the predicated values. These neglect the harmonic components. Their correlation is such as to show the validity of the analysis. In further tests, two of the phases shorted and the remaining phase connected via a small resistance to indicate a fault. A loss of the steady torque and more oscillation will be introduced by an unbalanced rotor. This will be the subject of further work. Finally, voltages will be introduced to represent the inverter in a DFIG system. V. CONCLUSIONS Impedance matrices that explain the behavior of the wound rotor motor are presented. Then the electromagnetic torque is obtained from the current density distribution on the stator and rotor surfaces. The analysis can be used in two ways when dealing with a symmetrical and asymmetrical rotor, additionally it can be used to detect stator asymmetries reflecting into the rotor; this will be suggested for further research. The impedance matrix can be further developed in order to incorporate eccentricity faults and rotor winding or DFIG faults in wound rotor machines. These will be the subject of further study. However, as illustrated here, the impedance method is flexible and powerful and very suitable for use as the basis as a condition monitoring system.
